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Summary. This paper is devoted to a discussion of Gromov-Witten-Welschinger 
(GWW) classes and their applications. In particular, Horava's definition of quantum 
cohomology of real algebraic varieties is revisited by using GWW-classes and it is 
introduced as a DG-operad. In light of this definition, we speculate about mirror 
symmetry for real varieties. 

The strangeness and absurdity of these replies 
arise from the fact that modern history, like a 
deaf man, answers questions no one has asked. 
Leo Tolstoy, War and Peace. 



1 Introduction 

1.1 Quantum cohomology of complex varieties 

Let X be a projective algebraic variety over C, and let A/s(C) be the moduli 
space of S-pointed (complex) stable curve of genus zero. 

In their seminal work [25 , Kontsevich and Manin define the Gromov- 
Witten (GW) classes of the variety X as a collection of linear maps 

{Ii,l3-<^H*X ^ H*Ms} 
s 

that are expected to satisfy a series of formal and geometric properties. These 
invariants actually give appropriate enumerations of rational curves in X sat- 
isfying certain incidence conditions. 

The quantum cohomology of X is a formal deformation of its cohomology 
ring. The parameters of this deformation are coordinates on the space H*{X), 
and the structure constants are the third derivatives of a formal power series 
# whose coefficients are the top-dimensional GW-classes of X. 



2 Ozgiir Ceyhan 



Formal solution of of associativity, or WDVV, equation has provided a 
source for solutions to problem in complex enumerative geometry. 

A refined algebraic picture: Homology operad of AlsiC). By dualizing {I^fj}, 
a more refined algebraic structure on H*X is obtained: 

Ys : HMsu{s} ^ Hom{(^H*X,H*X). 

s 

In this picture, any homology class in Afsu{s} is interpreted as an n-ary 
operation on H*X. The additive relations in -ff*Msu{s} become identities 
between these operations. Therefore, H*X carries a structure of an algebra 
over the cyclic operad H^,Msu{s}- 

One of the remarkable basic results in the theory of the associativity equa- 
tions (or Frobenius manifolds) is the fact that their formal solutions are the 
same as cyclic algebras over the homology operad i?»Msu{s}- 

1.2 Quantum cohomology of real varieties 

Physicists have long been suspecting that there should be analogous algebraic 
structures in open-closed string theory arising from the enumeration of real 
rational curves/discs with Lagrangian boundary condition. By contrast with 
the spectacular achievements of closed string theory in complex geometry, 
the effects of open-closed string theory in real algebraic geometry remained 
deficient due to the lack of suitable enumerative invariants. The main obstacle 
with defining real enumerative invariants is that the number of real objects 
usually varies along the parameter space. 

The perspective for the real situation has radically changed after the dis- 
covery of Welschinger invariants. In a series paper [inj-[13], J-Y. Welschinger 
introduced a set invariants for real varieties that give lower bounds on the 
number of real solutions. 

Welschinger invariants. Welschinger has defined a set of invariants count- 
ing, with appropriate weight ±1, real rational J-holomorphic curves inter- 
secting a generic real configuration (i.e., real or conjugate pairs) of marked 
points. Unlike the usual homological definition of Gromov-Witten invariants, 
Welschinger invariants are originally defined by assigning signs to individual 
curves based on certain geometric-topological criteria (such as number of soli- 
tary double points in the case of surfaces, self-linking numbers in the case of 
3-folds etc). A homological interpretation of Welschinger invariants has been 
given by J. Solomon recently (see [37]): 

Let {X{C),Cx) be a real variety and X(R) := Fix(cx) be its real part. 
Let Rs{X, Cx, d) be the moduli space of real stable maps which are invariant 
under relabeling by the involution a. 
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Let /i^ and a* are Poincare duals of point classes (respectively in X{<C) 
and X(M)). Solomon showed that Welschinger invariants ^ can be defined 

in terms of the (co)homology of the moduli space of real maps i?s(X, cx,d): 

JlRs{X,cx,d)] \^[s,s}CPerm(cr) seFix((j) J 

Here, it is important to note that the moduli space i?g {X, cx , d) has codi- 
mension one boundaries which is in fact one of the main difficulties of the 
definition of open Gromov-Witten invariants. That's why the earlier studies 
on open Gromov-Witten invariants focus on homotopy invariants instead of 
actual enumerative invariants (see, for instance [12|). 

Quantum cohomology of real varieties. The quantum cohomology for real alge- 
braic varieties has been introduced surprisingly early, in 1993, by P. Horava in 
[T7] . In his paper, Horava describes a Z2-equivariant topological sigma model 
on a real variety {X,cx) whose set of physical observables (closed and open 
string states) is a direct sum of the cohomologies of X{C) and X(M); 

He ® Ho := H*{X{C)) ® H*{X{K)). 

The analogue of the quantum cohomology ring in Horava's setting is a struc- 
ture of 7J*(X(C))-module structure on H*{X{C)) ® H*{X{R)) obtained by 
deforming cup and mixed products. 

Solomon's homological interpretation of Welschinger invariants opens a 
new gate to reconsider the quantum cohomology of real varieties. In this pa- 
per, we define the Welschinger classes by using Gromov-Witten theory as a 
guideline: By considering the following diagram 

Rl{X,cx,d) n.ePer™M/.^(C)xn.eFixM^W 
we give Welschinger classes as a family of linear maps 

Wi^d- <S> H*{X{C)) H*iX{R);detiTX{R)))^ H*(mI{R),D) 

Perm{a)/a Fix(S) 

where Ms(R) is the moduli space pointed real stable curves and T) is the 
union of its substrata of codimension one or higher. 

In a recent paper [4] , we have shown that homology of the moduli space 
Mg (R) is isomorphic to the homology of a combinatorial graph complex which 
is generated by the strata of Mg (R) . By using a reduced version of this graph 
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complex C,, in this paper, we introduce quantum cohomology of real variety 
{X{C),cx)- We construct a differential graded (partial) operad 

{Z^ : C, ^ Hom{ (g) T^c (g) Wo,Ho)} 

Perm((T)/cr Fix(c7) 

along with an algebra over iJ,Msu{s}-operad 

{Ys : H,Msu{s} ^ iJom((g) 7^,)} 

s 

which serve as the quantum cohomology of real variety (X(C), cx)- 

A reconstruction theorem for Welschinger invariants. Until very recently, 
the only calculation technique for Welschinger invariants was Mikhalkin's 
method which is based on tropical algebraic geometry, (see [32j[33j). By using 
Mikhalkin's technique, Itenberg, Kharlamov and Shustin proved a recursive 
formula for Welschinger invariants 18]. In their work, they also give a defini- 
tion of higher genus Welschinger invariants in the tropical setting. 

However, a real version of Kontsevich's recursive formula (for Welschinger 
invariants) was still missing. In [38], Jake Solomon announced a differential 
equation satisfied by the generating function of Welschinger invariants and 
give a recursion relation between Welschinger invariants of P^(C) with stan- 
dart real structure. 

Solomon's method is very similar to the calculations of Gromov-Witten 
invariants in complex situation i.e., considering certain degenerations and ho- 
mological relation between degenerate locus. However, the cycle in the moduli 
of real maps which he considers, is quite intriguing. We recently noticed that 
the cycle, which leads to Solomon's formula, is a combination of certain cycles 
satisfying A^o and Cardy relations. 

The enumerative aspects of quantum cohomology of real varieties and its 
relation to Solomon's formula will be presented in a subsequent paper [5j . 

'Realizing' mirror symmetry. Kontsevich's conjecture of homological mirror 
symmetry and our definiton of quantum cohomology of real varieties as DG- 
operads, suggest a correspondence between two open-closed homotopy alge- 
bras (in an appropriate sense): 

Symplectic side X (A-side) -^^^ Complex side Y (B-side) 

iH*{X), HF*{X{R),X{R))) {H*'*{Y),H^-*{Y)) 

A brief account of the real version of mirror symmetry is given in the final 
section of this paper and will be further discussed, especially its relation with 
SYZ-picture, in a subsequent paper |6j. 
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Part III. Yet again, mirror symmetry 

Part I: Moduli spaces of pointed complex and real curves 

In order to define correlators of open-closed string theories, we need explicit 
descriptions of the homologies of both, the moduli space of pointed complex 
curves and moduli space of pointed real curves. This section reviews the basic 
facts on pointed complex/real curves of genus zero, their moduli spaces and 
the homologies of these moduli spaces. 

Notation/Convention 

We denote the finite set {si, • • • , s„} by S, and the symmetric group consisting 
of all permutations of S by §„. We denote the set {1, • • • , n} simply by n. 

In this paper, the genus of all curves is zero except when the contrary is 
stated. Therefore, we usually omit mentioning the genus of curves. 
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2 Moduli space of pointed complex curves 

An S-pointed curve {S;p) is a connected complex algebraic curve S with 
distinct, smooth, labeled points p = (psi i • • ' ^ ^ satisfying the following 

conditions: 

• S has only nodal singularities. 

• The arithmetic genus of S is equal to zero. 

The nodal points and labeled points are called special points. 

A family of S-pointed curves over a complex manifold B{C) is a proper, 
flat holomorphic map ttb ■ Ub{C) B{C) with n sections Psi, • • • ,Ps„ such 
that each geometric fiber {S{b);p{b)) is an S-pointed curve. 

Two S-pointed curves {S; p) and {S'; p') are isomorphic if there exists a 
bi-holomorphic equivalence $ : S S' mapping ps to p'^ for all s G S. 

An S-pointed curve is stable if its automorphism group is trivial (i.e., on 
each irreducible component, the number of singular points plus the number 
of labeled points is at least three). 

Graphs 

A graph 7 is a pair of finite sets of vertices and flags (or half edges) F-y with 
a boundary map : F.y ^ V-y and an involution j-y : — > F-y (j^ = id). 
We can = {(/i,/2) G F^ | = i^{f^) k f, ^ M the set of edges, 
and = {/ S F-y | / = j7(/)} the set of tails. For a vertex v E V-y, let 
Fj{v) = d~^{v) and \v\ — |F^(w)| be the valency of v. 

We think of a graph 7 in terms of its geometric realization \ \"f\ \ as follows: 
Consider the disjoint union of closed intervals Uj.gF ^] ^ /»' ^^'^ identify 
(0,/,) with (0,/,) if d^if,) = a^ifj), and identify (i, /,) with (1 - t,^)) 
for t e [0, 1] and fi 7^ j-y (fi)- The geometric realization of 7 has a piecewise 
linear structure. 

A tree is a graph whose geometric realization is connected and simply- 
connected. If > 2 for all vertices, then such a tree is called stable. 

There are only finitely many isomorphism classes of stable trees whose set 
of tails T-y is equal to S (see, [21] or [5]). We call the isomorphism classes of 
such trees S -trees. 

Dual trees of S-pointed curves 

Let {S; p) be an S-pointed stable curve and 77 : 17 ^ 17 be its normalization. 
Let (Sy^pv) be the following pointed stable curve: Sy is a component of 
S, and py is the set of points consisting of the pre-images of special points 
on Sy :— rj{Ey). The points p^, — {pf^,- ■ ■ ,Pf\^\) on Ey are ordered by the 
elements /* in the set {/i, • • • , /|„|}. 

The dual tree of an S-pointed stable curve {S; p) is an S-tree 7 where 
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• is the set of components of Z!. 

• F^{v) is the set consisting of the pre-images of special points in Sy. 

• 9^ : / I— !■ w if and only if p/ G Sv- 

• • / '"^ / if and only if ri{pf) is a labeled point, and ■ fi <—* /2 if 

and only if p/^ G Sy-^ and p/2 G -S'^s a-re the pre-images of a nodal point 

Combinatorics of degenerations: Contraction morphisms of S-trees 

Let {U; p) be an S-pointed stable curve whose dual tree is 7. Consider the 
deformations of a nodal point of {S; p). Such a deformation of {S; p) gives a 
contraction of an edge of 7: Let e = (fcf^) & E-y be the edge corresponding 
to the nodal point which is deformed, and let d^{fe) = Ve,dj{f'^) = v'^. 
Consider the equivalence relation ~ on the set of vertices, defined by: u ~ u 
for all V G \ {ve, w*^}, and Ve ~ v^. Then there is an S-tree 7/e whose set of 
vertices is V-y/ ~ and whose set of flags is F-y \ {/e, f^}. The boundary map 
and involution of 7/e are the restrictions of d-y and j-y. 

We use the notation 7 < r in order to indicate that the S-trce r is obtained 
by contracting a set of edges of 7. 

2.1 Moduli space of S-pointed curves 

The moduli space Afs(C) is the space of isomorphism classes of S-pointed 
stable curves. This space is stratified according to the degeneration types of 
S-pointed stable curves. The degeneration types of S-pointed stable curves 
are combinatorially encoded by S-trees. In particular, the principal stratum 
Ms(C) parameterizes S-pointed irreducible curves; i.e., it is associated to 
the one- vertex S-tree. The principal stratum Ms(C) is the quotient of the 
product (pi(C))" minus the diagonals A = \Jk<i{{Psi,- ■ ■ ,Ps„)\Psk = Psi} by 
Aut{F^{C)) ^ F5i2(C). 

Theorem 1 (Knudsen & Keel, [271 [23]) (a) For any |S| > 3, Ms(C) is 
a smooth projective algebraic variety of (real) dimension 2|S| — 6. 

(b) Any family of S-pointed stable curves over B{C) is induced by a unique 
morphism k : B{C) Ms(C). The universal family of curves [/s(C) of 
Ms(C) is isomorphic to Msu{s„+i}iC). 

(c) For any S-tree 7, there exists a quasi-projective subvariety Dj{C) C 
Af s(C) parameterizing the S-pointed curves whose dual tree is given by 7. The 
subvariety D-y(C) is isomorphic to Yive'V . ■^F^(v){C). Its (real) codimension 

(inMsiC)) IS 2|E^|. 

(d) Ms(C) is stratified by pairwise disjoint subvarieties _D^(C). The clo- 
sure D^(C) of any stratum D^(C) is stratified by {Z?^'(C) | 7' < 7}- 
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Forgetful morphisms 

We say that {S;psi, ■ ■ ■ ,ps„_i) is obtained by forgetting the labeled point 
Ps„ of an S-pointed curve {S;ps^, ■ ■ ■ ,Ps„)- However, the resulting pointed 
curve may well be unstable. This happens when the component Ey of S 
supporting ps„ has only two additional special points. In this case, we contract 
this component to its intersection point(s) with the components adjacent to 
Sy ■ With this stabilization, we extend this map to the whole space and obtain 
7r{s^} : Ms(C) — > Ms'(C) where S' = S \ {sn}- There exists a canonical 
isomorphism il/s(C) Us'{C) commuting with the projections to Ms'(C). 
In other words, tt^s^} : Afs(C) il/s'(C) can be identified with the universal 
family of curves. 

A very detailed study on the moduli space Mg (C) can be found in Chapter 
3.2 and 3.3 in [55], and also in p51[?7] . 

2.2 Intersection ring of Afs(C) 

In [53] , Keel gave a construction of the moduli space Ms (C) via a sequence of 
blowups of Ms\{s„}(C) X P^(C) along the certain (complex) codimension two 
subvarieties. This inductive construction of Afs(C) allowed him to calculate 
the intersection ring in terms of the divisor classes [£'-y(C)]. Note that the 
divisors (C) parameterize S-pointed curves whose dual trees have only one 
edge. 

For |S| > 4, choose i,j,k,l e S, and let 7,r e Tree such that t ^ j and 
|Et-| — |E^| = 1. We write ij-fkl if tails labeled by i,j and k,l belongs to 
different vertices of 7. We call 7 and r compatible if there is no {i,j, fc, Z} C S 
such that simultaneously ij^kl and ikrjl. 

From now on, we denote the divisor classes [157(0)] simply by [D^]. 

Theorem 2 (Keel, [23j) For |S| > 3, 

77,(Ms(C);Z) = Z[ [D^] \ 7 e Tree, = l]//s 

is a graded polynomial ring, deg [D^] = 1. The ideal Is is generated by the 
following relations: 

1. For any distinct four elements i,j, k, I £ S; 

ij'jkl ikrjl 

2. [D^] • [Dr] = unless 7 and r are compatible. 
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Additive and multiplicative structures of H^{M s{C)) 

The precise description of homogeneous elements in iJ* (il/s(C), Z) is given 
by Kontsevich and Manin in [26]. The monomial [D^^] ■ ■ ■ [D^^] is called good, 
if |E^. I = 1 for all i, and ji's are pairwise compatible. Consider any S-tree 7. 
Any edge e e E-y defines an S-tree 7(e) which is obtained by contracting all 
edges of 7 but e. Then, we can associate a good monomial 

m := n [^7(e)] 
eeE-, 

of degree |E^| to 7. The map 7 1-^ [D-^] establishes a bijection between the 
good monomials of degree d in iJ*(Ms(C); Z), and S-trees 7 with |E^| = d 
(see |26)). Since boundary divisors intersect transversally when their trees are 
pairwise compatible, the good monomials are represented by the correspond- 
ing closed strata. 

Theorem 3 (Kontsevich and Manin, |26] ) The classes of good monomi- 
als linearly generate -ff*(Af s(C); Z). 

Multiplication in iJ, (Afs(C)) 

Let T, 7 e Tree and |E^| = 1. In [53], a product formula of [Dr] ■ [Dj] is given 
in three distinguished cases: 

A Suppose that there exists an e G E..^ such that 7(e) and r are not compat- 
ible (i.e., ;D^(C) nD^(e)(C) = 0). Then [Dr] ■ [D^] = 0. 

B Suppose that [Dr] • [D^] is a good monomial i.e., r, 7(e)'s are pairwise 
compatible for all e G E-y. Then there exists a unique S-tree r' with e' £ 
Br' such that r'/e' = 7, T'(e) = r, and [Dr] ■ [Dj] = [Dr']- _ 

C Suppose now that there exists an e G E^ such that 7(e) = r i.e., [Dr] 
divides [D^]. For a given quadruple {i,j, fc, 1} such that ijrkl, we have 

[DrA ■ [D^] - [^-^] ■ [^7] - 0. 

ijri kl ikr^jl 

Since the elements of the second sum are not compatible with D*^, we have 

\Dr] ■ m = - E [^-1] ■ [^7]- 

ijT-^ kl 

Here, [Dn] ■ [D-y] are good monomials, so they can be computed as in 
previous case (B). 
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Additive relations of H^,{M s{C)) 

It remains to give the linear relations between degree d monomials. In [26j , 
these relations are given in the following way. Consider an S-tree 7 with 
|E^| = d — 1, and a vertex v € with \v\ > 4. Let /i,/2,/3,/4 & 
be pairwise distinct flags. Put F = F^(w) \ {/i, /2, /s, /4} and let Fi,F2 
be two disjoint subsets of F such that F — F1IJF2. We define two S-trees 
71, 72- The S-tree 71 is obtained by inserting a new edge e = (/e, /'^) to 7 at 
V with boundary d^^{e) = {ve,v''} and flags F^^{ve) = Fi U{/i, /2, /e} and 
F71 {V^) = F2 U{/3, /4, Z'^}. The S-tree 72 is also obtained by inserting an edge 
e to 7 at the same vertex v, but the flags are distributed differently on vertices 
d^,ie) = {v,,v'}: F^,(z;e) -FiU{./i,/3,/e} and F^, (z;-) = F2 U{/2, A, T}- 
Put 

R{l, v; /i, /2, h, h) 5][:D^J - Y.^-^-^ (2) 

71 72 

where summation is taken over all possible 71 and 72 for fixed set of fiags 
{/i: • • • , A} as given above. 

Theorem 4 (Kontsevich and Manin, [26]) All linear relations between 
good monomials of degree d are spanned by i?(7, f ; /i, /2, /a, /4) with |E^| = 
d-1. 

A very detailed study on the moduli space Ms (C) can be found in Chapter 
3.2 and 3.3 in [29j, and also in [231127] . 

3 Moduli space of pointed real curves 

In this section, we review some basic facts on the moduli spaces of S-pointed 
real curves of genus zero and their homology groups. 

3.1 Real structures of complex varieties 

A real structure on a complex variety A'(C) is an anti-holomorphic involution 
cx ■■ X{C) X{C). The fixed point set X{R) := Fix(cx) of the involution 
Cx is called the real part of the variety ^(C) (or of the real structure cx)- 

Notation/Convention 

For an involution a G §„, we denote the subset {s €E S | s = (t(s)} by Fix(cr) 
and its complement S \ Fix{a) by Perm((T). 

From now on, we assume that the involution a has fixed points i.e., 
Fix(a) ^ 00 

^ Welschinger invariants for Zg-equivariant point configurations with Fix((T) — 
are known to be zero (see [401 141j ). Moreover, the homology of the moduli space 
for these cases requires slightly different presentation. Therefore, we exclude these 
special cases. 
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3.2 cr-invariant curves and their families 



An S-pointed stable curve {S; p) is called a-invariant if it admits a real struc- 
ture cs ■ S ^ S such that c^ips) — Pais) for all s G S. 

Let TTB ■ Ub{C) -B(C) be a family of S-pointed stable curves with a pair 
of real structures 

Ub{C) Ub{C) 



B{C) B{<C). 
Such a family is called a-equivariant if the following conditions are met; 

• if 7r"^(6) = S, then 7r"^(cB(6)) = S for every b e B; 

• cu : z e S = 7T-^{b) ^ z = TT-^{cB{b)). 

Here a complex curve S is regarded as a pair S = (C, J) , where C is the 
underlying two-dimensional manifold, J is a complex structure on C, and 
IJ — (C, — J) is its complex conjugated pair. 

Remark If ttb : Ub{C) — > B{C) is a cr-equivariant family, then each 
{2J{b),p{b)) for b £ i?(R) is a-invariant. It follows from the fact that the 
group of automorphisms of S-pointed stable curves is trivial. 

Remark 2. Since we have set Fix(cr) 7^ 0, all cr-invariant curves are of type 
1, i.e., their real parts S{M.) are trees of real projective spaces having nodal 
singularities. This follows from the fact that real parts of cr-invariant curves 
cannot be the empty set (i.e., they can't be type 2) and all special points must 
be distinct (i.e., they cen not have real isolated nodal points either). 

By contrast, a-invariant curves can be of both type 1, type 2 or can have 
real isolated node when Fix(cr) = (see |4]). 



Combinatorial types of cr-invariant curves 

cr-invariant curves inherit additional structures on their sets of special points. 
In this subsection, we first introduce the 'oriented' versions of these structures. 

Let (S; p) be a cr-invariant curve, and let 7 be its dual tree. We denote 
the set of real components {v \ cx:{Sv) = ^v} of {E; p) by V!^. 

Oriented combinatorial types 

Let (i^;p) be the normalization of a cr-invariant curve {E;p). By identifying 
Sv with Sy C S, we obtain a real structure on Sy for a real component 
Uy. The real part Z'„(R) of this real structure divides Sy into two halves: 
two 2-dimensional open discs, and S~ , having i7i,(R) as their common 
boundary in Ey. The real structure cx; '■ Ey ^ Ey interchanges E^, and the 
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complex orientations of induce two opposite orientations on i7„(]R), called 
its complex orientations. 

If we fix a labeling of halves of Sy by (or equivalently, if we orient 
with one of the complex orientations), then the set of pre-images of 
special points e Sy admits the following structures: 

• An oriented cyclic ordering on the set of special points lying in Sy(U.): 
For any point Pf^ £ {Pv H 17^ (R)), there is a unique Pf^^^ G (p^ fl ii'j,(M)) 
which follows the point pf^ in the positive direction of X'^(R) (the direction 
which is determined by the complex orientation induced by the orientation 

• An ordered two-partition of the set of special points lying in Sy \ Sy (R) . 
The subsets p^ n Ey of 

Pu give an ordered partition of p^ H (^Ey \ ^'^(M)) 
into two disjoint subsets. 

The relative positions of the special points lying in 17^ (R) and the complex 
orientation of 17^ (M) give an oriented cyclic ordering on the corresponding 
labehng set F'^iv) := {py n i7„(M)). Moreover, the partition {pf G E^} gives 
an ordered two-partition F^{v) := {/ | P/ € E^} of F^(ti) \ Fl^(t;). 

The oriented combinatorial type of a real component Ey with a fixed com- 
plex orientation is the following set of data: 

Oy := {two partition F^(u); oriented cyclic ordering on F*(t;)}. 

If we consider a cr-invariant curve {E;p) with a fixed complex orientation 
at each real component, then the set of oriented combinatorial types of real 
components 

o:={oy\vG V«} 
is called an oriented combinatorial type of {E;p). 
Un-oriented combinatorial types 

The definition of oriented combinatorial types requires additional choices 
(such as complex orientations) which are not determined by real structures 
of cr-invariant curves. By identifying the oriented combinatorial types for 
such different choices, we obtain unoriented combinatorial types of cr-invariant 
curves. Namely, for each real component Ey of a cr-invariant curve {E; p), 
there are two possible ways of choosing 17+ in Ey . These two difi'erent choices 
give the opposite oriented combinatorial types Oy and o„ : The oriented combi- 
natorial type Oy is obtained from Oy by reversing the cyclic ordering of F*(w) 
and swapping F^{v) and F~{v). 

The unoriented combinatorial type of a real component Ey of {E; p) is 
the pair of opposite oriented combinatorial types Uy := {oy,dy}. The set of 
unoriented combinatorial types of real components 

u:={uy\ve VK} 

is called the unoriented combinatorial type of {E; p) . 
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Dual trees of c-invariant curves 

Let {U; p) be an cr-invariant curve and let 7 be its dual tree. 
0-planar trees 

An oriented locally planar (o-planar) structure on 7 is a set of data which 
encodes an oriented combinatorial type of {S;p). O-planar structures are 
explicitly given as follows: 

• V!^ C is the set of real components of S (i.e., the set of real vertices). 

• F*(u) c F^{v) is the set of the pre-images of special points in Z'^(IR). (i.e., 

the set of real flags adjacent to the real vertex v G Vl^). 

• F!^(w) carries an oriented cyclic ordering for every v G V!^. 

• Fj{v) \ F*(u) carries an ordered two-partition for every v G V*. 

Wc denote S-trees 7, t, /j, with o-planar structures by (7, o), (r, a), 0) or 
by bold Greek characters with tilde 7,T,/i. When it is necessary to indicate 
different o-planar structures on the same S-tree, we use indices in parentheses 
(e.g., 

Notations. 

For each vertex v G V!^ (resp. v £ V^\ V*) of an o-planar tree 7, wc associate 
a subtree 7„ (resp. 7„) which is given by = {v},F^^ = F^{v), = id, 
dj^ = dj, and by the o-planar structure Oy of 7 at the vertex v G V*. 

A pair of vertices v,v G V-y \ V!^ is said to be conjugate if cz;{I!y) = Sy. 
Similarly, we call a pair of flags /, / G F^ \ F!^ conjugate if ce swaps the 
corresponding special points. 

To each o-planar tree 7, we associate the subsets of vertices and flags 
F^ as follows: Let vi G \ V!^, and let V2 G Vl^ be the closest vertex to vi 
in II7II. Lot f{vi) G F^(w2) be in the shortest path connecting the vertices Vi 
and V2. The sets are the subsets of vertices vi G \ V* such that the 
corresponding flags /(ui) are respectively in ¥'^{v2). The subsets of flags F^ 
are defined as 9^^(V^). 

U-planar trees 

A u-planar structure on the dual tree 7 of (17; p) is the set of data encoding 
the unoriented combinatorial type of {U; p). It is given by 

U := {(7„, Oy), {jy, Oy)\V G } 

We denote S-trees "f,T,iJ with u-planar structures by (7, u), (r, u), (/U, «) 
or simply by bold Greek characters 7, r, fi. O-planar planar trees 7, r, /x give 
representatives of u-planar trees 7, r, fi respectively. 



14 Ozgiir Ceyhan 

Contraction morphism of o/u-planar trees 

Contraction morphism of o-planar trees 

Consider a family of cr-invariant curves which is a deformation of a real node of 
the central fiber (^7(60), p(6o)) with a given oriented combinatorial type. Let 
T, 7 be the o-planar trees associated respectively to a generic fiber {S{b), p{b)) 
and the central fiber (Z'(6o), p(&o)) of this family. Let e be the edge corre- 
sponding to the nodal point that is deformed. We say that t is obtained by 
contracting the edge e of 7, and to indicate this we use the notation 7 < t. 

Contraction morphism of u-planar trees 

The definition of contraction morphisms of u-planar trees is the same as that 
of contraction morphisms of o-planar trees. By contrast, the contraction of 
an edge of an u-planar tree is not a well-defined operation: We can think of 
a deformation of a real node as the family {x ■ y — t \ t G M.}. According to 
the sign of the deformation parameter t, we obtain two different unoriented 
combinatorial types of cr-invariant curves, see Figure 1. Different u-planar 
trees 7(j-) that are obtained by contraction of the same edge of t correspond 
to different signs of deformation parameters. 

Further details of contraction morphisms for o/u-planar trees can be found 
ini. 



t < t = t > 

Fig. 1. Two possible deformations of a real nodal point 



3.3 Moduli space of cr-invariant curves 

The moduli space Ms(C) comes equipped with a natural real structure. The 
involution 

c:{U;p)^{T;p) (3) 

gives the principal real structure of Ms (C) . 

On the other hand, the permutation group §„ acts on Afs(C) via re- 
labeling: For each g G §„, there is an holomorphic map ipg defined by 
{S;p) 1-^ {Z:;g{p)) := • • • ,Pg(s„))- For each involution a G §„, 

we have an additional real structure 
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:=coV. :(i:;p)^(i:;a(p)) (4) 

of Ms(C). The real part MgW of the real structure : Ms(C) Ms(C) 
gives the moduli space of cr-invariant curves: 

Theorem 5 (Ceyhan, j2]) (a) For any |S| > 3, Afg(R) is a smooth projec- 
tive real manifold of dimension |S| — 3. 

(h) Any a-equivariant family ttb '■ C/s(C) B{C) of S-pointed stable 
curves is induced by a unique pair of real morphisms 



Ub{C) 



B( 



C/s(C) 



Ms(C). 



(c) Let dJl^{C) be the contravariant functor that sends each real variety 
{B[C), Cb) to the set of a-equivariant families of curves over B{C). The mod- 
uli functor dJlaiC) is represented by the real variety (Af s(C), Cg.). 

(d) Let 97lo-(R) be the contravariant functor that sends each real analytic 
manifold R to the set of families of a -invariant curves over R. The moduli 
functor 97lo-(R) is represented by the real part Afg(R) of (A/s(C), c„). 

Remark 3. The group of holomorphic automorphisms of A/s (C) that respect 
its stratification is isomorphic to §„. Therefore, the real structures preserving 
the stratification of Afs(C) are of the form (|4|) (see [2 ). 

However, we don't know whether there exist real structures other than 
([4]), since the whole group of holomorphic automorphisms AMt(Afs(C)) is not 
necessarily isomorphic to §„. For example, the automorphism group of A/s(C) 
is PSL2{C) when |S| = 4. _ 

It is believed that Aut{Ms{'C)) = S„ for |S| > 5. In fact, it is true for 
|S| = 5 and a proof can be found in [1^. To the best of our knowledge, there 
is no systematic exposition of Aut[Ms{'C)) for |S| > 5. 



3.4 A stratification of moduli space (R) 

A stratification for A/s(R) can be obtained by using the stratification of 
Afs(C) given in Theorem [T] 

Lemma 1. Let j and'^ be the dual trees of{S;p) and (i7;(T(p)) respectively. 

(a) If J and J are not isomorphic, then the restriction of c^ on the union 
of complex strata (C) IJ i'^y (C) gives a real structure with empty real part. 

(b) If "f and J are isomorphic, then the restriction of Ca on Dj{C) gives 
a real structure whose corresponding real part Z?^(R) is the intersection of 
Ms(R) with D^{C). 

A tree 7 is called a-invariant if it is isomorphic to 7. We denote the set of 
cr-invariant S-trees by Tree{a). 
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Theorem 6 (Ceyhan, [2]) Mg(R) is stratified by real analytic subsets 

D,{R)= n Af|^(„^)(R)x n A^F,(.)(C) 
v^evf; {D,tj}cv-,\VK 

where 7 € Tree{a) and a is the involution determined by the action of real 
structure cs on the special points labelled by F^{vr) for Vr S Vj^. 

Although the notion of cr-invariant trees leads us to a combinatorial strat- 
ification of Afg (M) as given in Theorem [6l it does not give a stratification in 
terms of connected strata. For a cr-invariant 7, the real part of the stratum 
D^(R) has many connected components. A refinement of this stratification by 
using the spaces of Z2-equivariant point configurations in the projective line 
pi(C). 



Z2-equivariant configurations in P^(C) 

Let z :— [z : 1] be an affine coordinate on P^(C). Consider the upper half- 
plane H+ = {z e pi(C) I > 0} (resp. lower half plane = {z e pi(C) | 
< 0}) as a half of the P^(C) with respect to z 1-^ z, and the real part 
pi(M) as its boundary. Denote by H the compactified disc H+ U pi(]R). 

The configuration space of fc = |Perm(tT)|/2 distinct pairs of conjugate 
points in H+ UH" and I = \Fix{a)\ distinct points in F^{R) is 

CW/(s,a) - {(^.i,-- - ,zs,,;xr,r-- | eH+|jH- for s e F \ F^, 

Zs = Zs' <^ S = s' , Zs — Zs' -(^ S ~ O'(s') & 

Xr e P^(M) for r e Fix(cr), Xr = Xr' ^ r = r'}. 

The number of connected components of Conf^^^^-^ is 2''{l — 1)! when I > 
2, and 2*^ when I — 1. They are all diffeomorphic to each other; natural 
diffeomorphisms are given by cr-invariant relabelings. 
The action of SL2{M.) on H is given by 

5L2(R)xH^H, yl(z) = ^^-t^, yl = f " G S'LaW- 



It induces an isomorphism S'L2(IR.)/±/ Aut{M). The automorphism group 
Aut{M) acts on Con/^s^^ by 

A : (Zsi,--- ,Zs2k;Xri,- ■ ■ ,Xri) 1"^ {A{z,J,--- , A{zs2^); A(xri) , ■ ■ ■ ,A{Xr,))- 

This action preserves each of the connected components of Confj^^ ^^y It is free 
when 2fc -|- Z > 3, and it commutes with diffeomorphisms given by cr-invariant 
relabehngs. Therefore, the quotient space C(s,ct) := Conf f^^ ,^-^/ Aut{M) is a 
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manifold of dimension 2fc + Z — 3 whose connected components are pairwise 
diffeomorphic. 

In addition to the automorphisms considered above, there is a diffeomor- 
phism of Conf(^s,a) which is given in afhne coordinates as follows. 

e : {Zsi , • • • , Zs2k ; Xri , • • • , Xri ) 1-^ {—Zsi , • • • , ~Zs2k i ~Xri j ' ' ' : ~Xri)- 

Consider the quotient space Conf(^ ,y-^ = Conff^g ^-^/{e). The diffeomorphism 
e commutes with each ^3- invariant relabeling and normalizing action of AutlJS). 
Therefore, the quotient space C{s,<t) '■= Conf(^s.a)/AutiM) is a manifold of 
dimension 2fc + / — 3, its connected components are diffeomorphic to the com- 
ponents of C(s,o-), and, moreover, the quotient map C(s,a) ~^ ^(s,cr) is a trivial 
double covering. 

Connected Components of A4'g(R) 

Each connected component of C{s,a) is associated to an unoriented combina- 
torial type of CT-invariant curves, and each unoriented combinatorial type is 
given by a one-vertex u-planar tree 7. We denote the connected components 
of C^s,a) by C^. 

Every Z2-equivariant point configuration defines a cr-invariant curve. Hence, 
we define 

E: □ C^^Ms-(M) (5) 

7:|Vt,| = 1 

which maps Z2-equivariant point configurations to the corresponding isomor- 
phisms classes of irreducible a-invariant curves. 

Lemma 2. (a) The map S is a diffeom,orphism. 

(b) Let |Perm(cr)| = 2k and Fix(cr) = /. The configuration space is 
diffeomorphic to 

• ((H+)'= \ Zi) X M'-3 when I > 2, 

• ((H+ \ {x/^})'^-! \A)x R'-i when 1 = 1,2, 

where A is the union of all diagonals where Zs = Zs' ■ 
Refinement of the stratification 

We associate a product of configuration spaces C;^^ and moduli spaces of 
pointed complex curves Mf^(„)(C) to each o-planar tree 7: 

= n c*^. X n ^F,w(c). 

For each u-planar 7, we first choose an o-planar representative 7, and then 
we set C~f := Cy. Note that C~f does not depend on the o-planar representa- 
tive. 
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Theorem 7 (Ceyhan, [2]) (a) Ms(M) is stratified byC^. 

(h) A stratum C-y is contained in the boundary of C-r if and only if t is 
obtained by contracting an invariant set of edges off. The codimension of C-^ 
in Ct is |E-y| - |E^|. 

3.5 Graph homology of Mg(R) 

In this section, we summarize the results from [3]. We a give a combinatorial 
complex generated by the strata of Afg(R) whose homology is isomorphic to 
the homology of Ms(R). 

A graph complex of Afg(M) 

Let a e §„ be an involution such that Fix(cr) ^ 0. We define a graded group 
Gd^l Hin^^c,)(C-y,QY,m /Id. (6) 

\7:|E-,| = |S|-d-3 / 

Z [C-r] /Id (7) 

y7:|E-,| = |S|-d-3 / 

where [C-y] are the (relative) fundamental classes of the strata of A/g(M). 
Here, Q-y denotes the union of the substrata of C-y of codimension one and 
higher. 

For |Perm(CT)| < 4, the subgroup Id (for degree d) is the trivial subgroup. 
In all other cases (i.e., for |Perm((T)| > 4), the subgroup Id is generated by 
the following elements. 



The generators of the ideal of the graph complex. 

The following paragraphs and SH-2 describe the generators of the ideal of 
the graph complex. 

Degeneration of a real vertex. 

Consider an o-planar representative 7 of a u-planar tree 7 such that |E^| = 
|S|—(i— 5, and consider one of its vertices w € V!^ with I u| >5and|F+(w)| > 2. 
Let /i, e F-y \ F^ be conjugate pairs of flags for i = 1, 2 such that /i, /2 G 
F+(^;) of 7, and let /a € F* Put F = F^iv) \ {/i, /i, /z, /2, /a} 
We define two u-planar trees 7^ and 72 as follows. 

The o-planar representative 'Ji of 'Ji is obtained by inserting a pair of 
conjugate edges e = (/e, f^), e = (/g, into 7 at w in such a way that -y^ 
gives 7 when we contract the edges e, e. Let d^^ (e) — {v, v'^}, d^^ (e) = {v, v'^}. 
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Then, the distribution of flags of 7^ is given by Fj^{v) = Fi U {fs, fe, fe}^ 
F^, (t;-) = F2 U {/i . /2 , n and F^, {v^) = F2 U {/i , /s, f} where (Fi , F2, F2) 
is an equi variant partition of F. 

The o-planar representative 72 of 72 is obtained by inserting a pair of 

real edges ei ~ {.fei,.f^^), &2 = {.fe-jjl'^^) into 7 at 1; in such a way that 
72 produces 7 when we contract the edges ei,e2. Let d-y^iei) = 
^72 (62) = {v,v''^}. The sets of flags of 72 are F^J^v) = Fi U {fa, fei^, feA, 
F^,(t;-i) = F2U{/i,/i,ri}, F^,(t;-^) = F3 U {/2, /a, T^} where (Fi,F2,F3) 
is an equivariant partition of F. 

The u-planar trees 7i, 72 are the equivalence classes represented by 7i, 72 
given above. 

Then, we define 

nr, V, fi, /2, /s) := EtC^-rJ - El^^J' (8) 
where the summation is taken over all possible 7j,i = 1,2 for a fixed set of 

flags {/l,/l,/2,/2,/3}- 

yi-2. Degeneration of a conjugate pair of vertices. 

Consider an o-planar representative 7 of a u-planar tree 7 such that |E-y| = 
|S| — d — 5, and a pair of its conjugate vertices v,v € \ V!^ with \v\ = 
\v\ > 4. Let fi e Fj{v), i = 1, - ■ ■ ,4 and fi G Fj{v) be the flags conjugate to 
fi,i = 1, - ■■ ,4. Put F = Fry{v) \ {/i, • • • , /4}. Let (Fi, F2) be a two-partition 
of F, and Fi, F2 be the sets of flags that are conjugate to the flags in Fi, F2 
respectively. 

We define two u-planar trees and 72 as follows. 

The o-planar representative -y^ of 'y^ is obtained by inserting a pair of 
conjugate edges e — {fe,f^), e = ife,f^) to 7 at v,v in such a way that 'Ji 
produces 7 when we contract the edges e.e. Let dy^{e) — {ve,v'^}, d-y-^{e) = 
{ve,v'^}. The sets of flags of 7^ are F-y-^{ve) = Fi U {/1,/2,/e}, F-y-^^v'^) = 
F2 U {/a, /4, n and F^, {v,) = Ji U {/i, /2, F^, (v^) = F2 U {/a, A, f'}. 

The o-planar representative 72 of 72 is also obtained by inserting a pair of 
conjugate edges into 7 at the same vertices v,v, but the flags are distributed 
differently on vertices. Let d-y.2{e) = {ve,v'^}, d^^{e) = {wg, w^}. Then, the 
distribution of the flags of 72 is given by F^^{ve) = FiU{/i, /s, /e}, F^^{v'^) = 
F2 U {/2, /4, /n, F^2 ("g) = Fi U {/i, h, M, and F^, {tf) = F2 U {h, .k f'}- 

The u-planar trees 7i, 72 are the equivalence classes represented by 7i, 72 
given above. 

We deflne 

nr, V, /i, /2, fs, /4) := ^[C^J - Et^^J' (9) 

Ti ■72 

where the summation is taken over all 7 ^ , 72 for a fixed set of flags { /i , • • • , /4 } • 
The ideal Id is generated by 7^(7; w, /i, /2, /a) and 7^(7; /i, /2, fs, fi) for 
all 7 and v satisfying the required conditions above. 
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The boundary homomorphism of the graph complex 

We define the graph complex Q, of the moduli space Mg (R) by introducing a 
boundary map d : Gd ^ Qd-i 

d\C^] =Y.± [C^], (10) 

where the summation is taken over all u-planar trees 7 which give r after 
contracting one of their real edges. 

Theorem 8 (Ceyhan, [4]) The homology of the graph complex Q, is iso- 
morphic to the singular homology -ff»(Mg(K);Z) for FiTi(a) =/= 0. 

Remark ^. In the graph homology is defined and a similar theorem is 
proved for Fix(a-) = case. The generators of the ideal are slightly different 
in this case. 

Remark 5. If |S| > 4 and |Fix((T)| 7^ 0, then the moduli space Ms(M) is not 
orientable. A combinatorial construction of the orientation double covering of 
Af g (R) is given in f2| . A stratification of the orientation cover is given in terms 
of certain equivalence classes of o-planar trees. By following the same ideas 
above, it is possible to construct a graph complex generated by fundamental 
classes of the strata that calculates the homology of the orientation double 
cover of Ms(M). 

Remark 6. In their recent preprint [llj , Etingof et al calculated the cohomol- 
ogy algebra iJ*(Mg(R); Q) in terms of generators and relations for the a = id 
case. Until this work, little was known about the topology of M g (R) (except 

The graph homology, in a sense, treats the homology of the moduli space 
Mg (R) in the complementary directions to fll] : The graph complex provides 
a recipe to calculate the homology of Mg(R) in Z coefficent for all possible 
involutions cr, and it reduces to cellular complex of the moduli space Mg(R) 
for a = id (see [9l[22]). Moreover, our presentation is based on stratification 
of Afg(R) which suits for investigating Gromov-Witten-Welschinger classes. 

The graph homology provides a set of homological relations between the 
classes of D^{M) that are essential for quantum cohomology of real varieties: 

Corollary 1. If t is a a-invariant tree, then 

all possible -y *y 

u-planar sir. of ~f 

is homologous to zero. 
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Corollary 2. 1/7 be an o-planar tree satisfying the condition required in Ui-l, 
then the sum 

5^ 7^(7;^;,/l,/2,/3) = E[^7l(K)]-E[^7.W] (12) 

all possible 'y-j^ --^2 

u-planar str. of -y 

is homologous to zero. 

Part II: Quantum cohomology of real varieties 

In this part, we recall the definition of Gromov-Witten classes and quantum 
cohomology. Then, we introduce Welschinger classes and quantum cohomol- 
ogy of real varieties. Our main goal is to revise Horava's attempt of quantum 
cohomology of real varieties by investigating the properties of Gromov-Witten 
and Welschinger invariants. 

4 Gromov-Witten classes 

Let X be a projective algebraic manifold, and let (3 G H2{X;'Z) such that 
(L •/?) > for all Kahler L. Let Ms{X, (3) be the set of isomorphism classes of 
S-pointed maps {S; p; /) where S is a projective nodal curve of genus zero, 
Psi,-- ■ ,Ps„ are distinct smooth labeled points of S, and f : S X is a 
morphism satisfying = (3. 

For each labelled point s £ S, the moduli space stable maps Ms{X,l3) 
inherits a canonical evaluation map 

ev,:Ms{X,P)^X 

defined for {S; p; /) in ITs(X, /?) by: 

evs : {S;p,f) ^ f{ps)- 

Given classes /i^^, ■ • ■ ,/is„ G H*{X), a product is determined in the ring 
H*Ms{X,P)hr. 

ev:^{fis,)U---Uev:jpsJ- (13) 

If J2 codim(/is) = dim(Ms(X, /?)), then the product (fT3|) can evaluated on the 
fundamental class of Ms{X, (3). In such a case, the Gromov-Witten invariant 
is defined as the degree of the evaluation maps: 

JMs(X,I3) 
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This gives an appropriate counting of parametrized curves genus zero, lying in 
a given homology class (3 and satisfying certain incidence conditions encoded 
by /Xs's. 

The above definition of Gromov-Witten invariants leads to a more general 
Gromov-Witten invariants in H*Ms- Given classes • • ,Ms„, we have 

^s^/3(/"si O • • • O /"s„) = !^*(e< (Msi) U • • • U ev*^ {n^J) 

where u : Ms{X,P) Ms is the projection that forgets the morphisms 
f : S ^ X and stabilizes resultant pointed curve (if necessary). The set of 
multilinear maps 

{I^^f3:<^H*X ^ H*Ms} 
s 

is called the (tree-level) system of Gromov-Witten classes. 
4.1 Cohomological field theory 

A two-dimensional cohomological field theory (CohFT) with coefficient field 
K consists of the following data: 

• A K- linear supcrspace (of fields) Ti, endowed with an even non-degenerate 
pairing g. 

• A family of even linear maps (correlators) 

{/s :(g)W^if*Ms} (14) 
s 

defined for all |S| > 3. 

These data must satisfy the following axioms: 

A. S„-covariance: The maps Ig are compatible with the actions of S„ on 
0g H and on Ms- 

B. Splitting: Let {/ia} denote a basis of H, A := J2 9°'^^^a ® A'ft is the Casimir 
element of the pairing. 

Let Sa = {sai, • • • , Sa^}, Sfc = {sb^, ■ ■■ , Sb„ } and S = Si U S2. Let 7 be 
an S-tree such that V-y = {va,Vb}, and the set of flags Fj{va) = U {sa}, 
F^{vb) = Sfo U {sb}, and let 

■■ Mf^^v^) X Mf^{v,) Ms 

be the map which assigns to the pointed curves {Sa',Psa^ ; ' ' ' ^Psar^'Psa) ^^'^ 
{Sb]Pst^ ,Pst„,PsJ, their union U Eb identifled at p^^ and Ps„. 
The Splitting Axiom reads: 
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a, 6 Sa Sb 

where £(7) is the sign of permutation (Si, S2) on {/i*} of odd dimension. 

CohFT's are abstract generahzations of tree-level systems of Gromov- 
Witten classes: any system of GW-classes for a manifold X satisfying ap- 
propriate assumptions gives rise to the cohomological field theory where 
n = H*{X;K). 

4.2 Homology operad of Ms 

There is another useful reformulation of CohFT. By dualizing (fTl|) . we obtain 
a family of maps 

{Ys : i?*Msu{.} ^ Hom{(^ H,H)}. (16) 

s 

Therefore, any homology class in Msu{s} is interpreted as an n-ary operation 
on Ti. The additive relations given in Section [2?2l and the splitting axiom (fT5|) 
become identities between these operations i.e., TC carries the structure of an 
algebra over the cyclic operad -ff*-/l/su{s}- 



Sl S2 S3 



Fig. 2. n-ary operation corresponding to the fundamental class of A/su{s} 



C ommoo-algebras 

Each n-ary operation is a composition of fc-ary operations corresponding to 
fundamental classes of Mp^j^gy for some F of order k < n. Reprehasing an 
algebra over i?*Msu{s}-operad by using additive relations in H^..Ms\j{s} pro- 
vides us a Comm 00 -algebra. 

The structure of Comm 00 -algebra on (7i, g) is a sequence of even polylinear 
maps Yfe : Ti®*^ ^ A,k>2, satisfying the following conditions: 
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A'. Higher commutativity: Yj. are Sfe-symmetric. 

B'. Higher associativity: For aU m > 0, and ^a, ^J'f3, ^J'5, fJ-n, ■ • • , Mi™ ^ 
have 

^ (-l)''^'"^Y|S2|(Y|Si|(Ma,/i/3,Mii, • ■ ■ • ■ ■ 

TiSj^ US2 = n 

Here, the summations runs over all partitions of n into two disjoint subsets 
(Si, S2) and {S[, S2) satisfying required conditions. Note that, these relations 
are consequences of the homology relations given in Theorem [2l 

Since we identify the bases with n-corollas of the cyclic operad ff*Msu{s} 
(see. Figure 2), it is represented by as a linear span of all possible S'-trees 
modulo the higher associativity relations for S' = S U {s}: 





Fig. 3. Higher associativity relations 



We call ComTOoo-algebra (7i, g, Y,) cyclic if the tensors 

Vk+iifJ-i,- ■ ■ ,/ifc,Mfc+i) .g(Yfc(Mi, • ■ ■ ,Aifc),Aifc+i) 
are S^+i -symmetric . 

4.3 Gromov-Witten potential and quantum product 

Let X be a manifold equipped with a system of tree level GW-classes. Put 

J Ms 
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We define ^ as a formal sum depending on a variable point F e H*{X): 

|S|>3 13 ' 

The quantum multiplication is defined a product on tangent space of ho- 
mology space H*{X) by 

<9a * 9& = ^ <l>abc dd 

c,d 

where <Pabc denotes the third derivative dadbdd'P) of the potential function. 

Theorem 9 (Kontsevich &; Manin, |25j ) This definition makes the tan- 
gent sheaf of the homology space H* {X, C) a Frobenius manifold. 

The main property, the associativity of quantum product is a consequence 
of splitting axiom of GW-classes and the defining relations of homology ring 
of Ms (see, Theorem [2]). 

5 Gromov-Witten-Welschinger classes 

In this section, we introduce the Welschinger classes by following the same 
principles and steps which lead to Gromov-Witten theory: Firstly, we intro- 
duce the real enumerative invariants in terms of homology of moduli space 
of suitable maps. Then, we transfer this definition to a new one in terms of 
the homology of Ms(]R). We then further generalize our definition to open- 
closed CohFT's and study these algebraic structures by using 7J,Mg(R) i.e., 
introduce the quantum cohomology of real varieties. 

5.1 Moduli space of stable real maps 

Let {X{<C),cx) be a projective real algebraic manifold. Let d :— {/3,d) e 
H2{X{C))(BHi{X{R)). _ 

We call a stable map (Z"; p; /) e AIs(X,f3) a-invariant if U admits a 
real structure cs ■ S ^ S such that Ca{ps) — Pa(s)^ cx o f = f o cs and 
/.([^(R)]) =±dG i/i(X(M)). _^ 

We denote the moduli space of cr- invariant stable maps by i?s (X, cx , d) . 
The open stratum i?| (X, cx , d) of i?g {X, cx , d) is a subspace of {X, cx , d) 
where domain curve S is irreducible. It is important to note that the moduli 
space i?g(X, cx,d) has boundaries. The cr-invariant maps {S;p;f) lying in 
the boundaries have at least two components of domain curve S which are 
not contracted to a point by morphism f : S —i- X. 

Obviously, {X, cx , d) is a subspace of the real part of the real structure 
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: Ms(X,/3) ^ Ms(X,/3); (iT; p; /) {S-ct{p)-cx o /). 

Therefore, the restrictions of the evaluation maps provide us 

evs : i?s(X,cx,d) ^ X(C), for s € Perm(CT), 
ev, : Rl{X,cx,d) ^ X{R), for s e Fix(o-). 

These moduh spaces have been extensively studied in the open Gromov- 
Witten invariants context. The compactification of these moduli spaces stud- 
ied in (see [TH [551 [3Z])- The orientibility of the open stratum i?|(X, cx,d) 
has been noted first by Fukaya et al (for a — id case), Liu and (implicitly) by 
Welschinger in [TH [2H1 HOI SI] ■ Solomon treated this problem in most general 
setting (see [37]). 

5.2 Welschinger invariants as degrees of evalution maps 

In a series of papers |40]-[43], Welschinger defined a set of invariants counting, 
with appropriate weight ±1, real rational J-holomorphic curves intersecting a 
generic cr- invariant collection of marked points. Unlike the usual homological 
definition of Gromov-Witten invariants, Welschinger invariants are originally 
defined by assigning signs to individual curves based on certain geometric- 
topological criteria. A homological interpretation of Welschinger invariants 
has been given by J. Solomon very recently (see ^37]): 

Let H*{X] det (TX(M))) denote the cohomology of X{R) with coefficients 
in the flat line bundle det(TX(IR)). Let a, G Q* {X (R) , T X (M.)) be represen- 
tatives of a set classes in H*{X;det{TX{M.))) for s £ Fix(cr). Furthermore, 
for {s,s} C Perm((T), iig G n*X{C) represent a set of classes in H*{X{C)). 
Then, a product is determined in J7*i?|(X, cx, d) by 

/\ e<(M.) A /\ e<(a,). (17) 

{s,s}CPerm((T) seFix((T) 

If ^codim(a,) + ^codim(^*) = dim(i?|(X, cx, d)), the form pT)) extends 
along the critical locus of evaluation map except cr-invariant maps with re- 
ducible domain curve. In other words, it provides a relative cohomology class 
in H* (i?g {X, cx , d) , ^) . Here, ^ is the subset of {X, cx , d) whose elements 
(17; p;/) have more than one components. This extension of the differential 
form (|17p is a direct consequence of Welschinger's theorems. 

If /i* and a* are Poincare duals of point classes (respectively in X{C) and 
X(R)), then one can define 
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Proposition 1. (Solomon, \37l ) The sum 

E^s,d (19) 

d 

which is taken over all possible homology classes d G Hi{X{M.)) realized by 
a-invariant maps, is equal to Welschinger invariants. 

5.3 Welschinger classes 

Let V : i?g (X, cjjf, d) A/g (M) be the restriction of the contraction map 
V : Ms{X, fi) Ms- Let £» be the subspace of 'M%{M.) whose elements {S; p) 
has at least two irreducible components. Note that, the contraction morphism 
u maps & C -Rs(-^i cx, d) onto 2). 

By using the contraction morphism as in the definition of Gromov-Witten 
classes, Solomon's definition of Welschinger invariants can be put into a more 
general setting: 

{s,s}cPerm((7) sGFix(cr) 

■=M A A /\ evlias)). 

{s,s'}cPerm(cr) sEFix(cr) 

The set of multilinear maps 
WIa- (8) H*{X(C)) (g) iJ*(X(R);det(TX(R)))-^F*(MsW,S)) 

Perm(tT)/o- Fix(S) 

is called the system Welschinger classes. 

5.4 Open-closed cohomological fields theory 

An open-closed CohFT with coefficient field K consists of the following data: 

• A pair of superspaces (of closed and open states) Tic and Tio endowed with 
even non-degenerate pairings f]c and r]o respectively. 

• Two sets of linear maps (open & closed correlators) 

{W^: (g) Tic® (g) Ho^iJ*(Ms(K),S)} (20) 

Perm(CT)/CT Fix((T) 

{/s : (g)Tic^i^*(Ms)} 
s 

defined for aU |S| > 3. 
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These data must satisfy the following axioms: 

A'. CohFT of closed states: The set of maps {Is : 08 ^ H*(Ms)} forms 
a CohFT. 

B'. Covariance: The maps arc compatible with the actions of cr-invariant 
relabelling on 0pe™(„)/. OpixC^) and on (Ms(K), »)■ 

C. Splitting 1: Let denote a basis of Ho, and let Ao be ^rj^^ae a/. 

Let 7 be a (T- invariant tree with V-y — V!^ = {vp,Vf}, and let F^.(v,,) = 
Se U {Se}, F^{vf ) = S/ U {s/} and S = Se U S/. We denote the restriction of 
a onto Se,S/ by <Je,af respectively. Let 

: D^{R) := Mf^^,^-,{R) x m7,^,^^{R) Ms(M) 

be the embedding of the real divisor £>-y(M). 
The Splitting Axiom reads: 

r^iwsi (g) ® (g) a*)) 

Perm((7)/(7 Fix((T) 

= £(7)E^o^ ^f;(..)( (g) «*®«e) 

a,b Perm(<7e)/o'e Fix(cre)\{se} 

Perm(cr/)/cr/ Fix(cr/)\{s/} 

D'. Splitting 2: Let 7 be a cr-invariant tree with V-y = {Vr,v,v} and V!^ = 
{vr}, and let F.y(wr_)_= U {se,Se}, F,y(w) = Sy U {s/}, F,y(7l) = S/ U {.s/} 
and S = SrUS/US/. We denote the restriction of a onto by (Jr- Let 

: D^{R) := M^.^i^) x ^f,(.)(C) mI{R) 

be the embedding of the subspace Dj(R). 
Then, the Splitting Axiom reads: 

r^iWii (g) A** (g) a*®))=e(7) 

Perm(cr)/cr Fix(o-) 

$Z W-^;(„,)(Ma (g) (g) a*8')®-rF^(«)(M6®(g)/^*). 

o,b Perm((Tr)/a'r Fix((Tr) S/ 

Open-closed CohFTs are abstract generalizations of systems of Gromov- 
Witten-Welschinger classes: any system of GW-classes and Welschinger classes 
for a real variety {X,cx) satisfying appropriate assumptions gives rise to the 
open-closed CohFT where He = H*X{C) and Ho = H*{X{R);det{TX{R))). 
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5.5 Quantum cohomology of real varieties: A DG-operad 

In this section, we first give a brief account of Horava's attempt of defining 
quantum coliomology of real varieties. Then, we define quantum cohomology 
for real varieties as a DG-operad of the reduced graph complex of the mod- 
uli space Msy|g-j(M). The definition of this DG-operad is based of Gromov- 
Witten-Welschinger classes. 

Quantum cohomology of real varieties: Horava's approach 

The quantum cohomology for real algebraic varieties has been introduced 
surprisingly early, in 1993, by P. Horava in [171. In his paper, Horava describes 
a Z2-equi variant topological sigma model on a real variety {X, cx) whose set 
of physical observables in the is a direct sum of the cohomologies of ^(C) and 
X{R): 

Hc®no.= H*{X{C))®H*{X{R)). (21) 

In the case of usual topological sigma models, the OPE-algebra is known 
to give a deformation of the cohomology ring of X{C). One may thus wonder 
what the classical structure of He® Ho is, of which the quantum OPE-algebra 
can be expected to be a deformation. Notice first that there is a natural 
structure of an Tic-module on He © Ho- Indeed, to define a product of a 
cohomology class a of X(M) with a cohomology class fj, of ^(C), we will pull 
back the cohomology class fihy i : X(R) ^ X{C), and take the wedge product 
with a. Equipped with this natural structure, the module (|2ip associated with 
the pair represented by a manifold X{C) and a real structure of it, can be 
chosen as a (non-classical) equivariant cohomology ring in the sense of [T]. 
Horava required this equivariant cohomology theory to be recovered in the 
classical limit of the OPE-algebra of the equivariant topological sigma model^ 

By ignoring the degeneracy phenomena, the correlation functions of such 
a model count the number of equivariant holomorphic curves f : S X{<C) 
meeting a number of subvarieties of -'^"(C) and X(M) in images of prescribed 
points of S. The analogue of the quantum cohomology ring is now a struc- 
ture of iJ*(X(C))-module structure on H*{X{C))® H*{X(R)) deforming cup 
product. 

However, the degeneracy phenomena is the key ingredient which encodes 
the relations that deformed product structure should respect. In the following 
paragraph, we define quantum cohomology of real variety as a DG-operad in 
order to recover these relations. 

^ Note the important point that the equivariant cohomology theory considered in 
Horava's study is not the same as the Borel's G-equivariant cohomology theory 
based on the classifying spaces BG of G. It is quite evident that classical equivari- 
ant cohomology theory wouldn't provide that rich structure since the classifying 
space of Z2 is P°°(R) i.e., it mainly contains two torsion elements 
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Reduced graph complex 

Let Qt be the graph complex of A/g (R) . The reduced graph complex C, of the 
moduh space Afg(M) is a subcomplex of Gt given as follows: 

• The graded group is 

/ 

Cd = 



Z [D^iR)] iXa (22) 



z|E^| = |S|-ci-3 



where [D^(R)] are the (relative) fundamental class of the subspaces Z3-y(R) 
of A/g (R) . The ideal of relations is generated by . 
• The boundary homomorphism of the reduced graph complex is given by 
the restriction of the boundary homomorphism d : Gd Qd-i of the graph 
complex Q, (see[TT|). 

Remark 7. There is an obvious monomorphism H^{C,) H^{Q,). A priori, 
the dualization of ([20]) requires rather whole homology group H^{Q,) than a 
subgroup H^,{C,). However, the covariance property of allows us restrict 
ourselves to subspaces (M) instead of the strata considered in Theorem [71 



DG-operad of reduced graph homology 

Let C, be the reduced graph complex of A/gy|^.j(R). By dualizing (|20p . we 
obtain a family of maps 

{Z^:C,^Hom{ (g) Ti^ (g) Ho,Ho)} (23) 

Perm(cr)/(T Fix(CT) 

along with an algebra over i7*A/rgu{s-i,-operad 

{Yg : H^Msuis] ^ Hom((g) He, Idc)}. (24) 

s 

Therefore, the homology class of subspace D^{R) in A/gy|^}(R) is inter- 
preted as an (fc, Z)-ary operation on Tio © He where k = |Perm(cr)|/2 and 
l = \F\^{a)\. 

Remark 8. The cr-invariant trees which are used in Lenima[l]are different than 
the trees depict (A:, ^)-ary operation. These new trees are in fact are quotients 
of f7-invariant tree with respect to their symmetries arising from real structures 
of the corresponding cr-invariant curves. 

In addition to the higher associativity Yg, the additives relations in C, 
require additional conditions on {k, Vj-aiy operations. The families of maps 
Z| and Yg satisfy the following conditions: 
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Perm{a)/a Fix{a) 




Fig. 4. (fc, Z)-ary operation corresponding to the fundamental class of Afsu{s}(lK) 



1. Higher associativiy relations: {Ti.c,ric,'Y^) form a Commoo-algebra struc- 
ture. 

2. Aoo-type of structure: The additive relations arising from the image of the 
boundary homomorphism 9 : C, ^ C*-i (i.e., from the identity pT|) ) and 
the splitting axiom (C) become the follovifing identities between (fc, Z)-ary 
operations: 




Fig. 5. The image of boundary map provides ^oo-type of relations 



It is easy to see that {Aq, rjo, Z|) reduces to an Aoo-algebra when a = id. 

2. Cardy type of relations: The additive relations arising from the ideal Xd of 
the graph complex C, (i.e., from the identity ()12p ) and the splitting axiom 
(D') become the following identities between (fc, Z)-ary operations: 

Here, 71.72 are the quotients of 71,72 in (|12p with respect to their Z2- 
symmetries induced by real structures of corresponding cr- invariant curves. In 
this picture, /ii,/i2 correspond to the flags /i,/2, and a corresponds to the 
real flag /a. 

Remark 9. The (partial) DG-operad defined above has close relatives which 
appeared in the literature. 
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Fig. 6. Cardy type of relations arising from the ideal X, 



The first one is Swiss-cheese operad which is introduced by Voronov in 
[55] , In fact, Swiss-cheese operads are the chain operad of the spaces of Z2- 
equivariant configuration in (C) (see, Section 13. 4p . 

Kajiura and Stassheff recently introduced open-closed homotopy algebras 
which are amalgamations of Loo-algebras with Aoo-algebras, see [1^-[2T]. In 
their setting, the compactification of the configurations spaces are different 
than ours, therefore, the differential and the corresponding relations are dif- 
ferent. In particular, there is no Cardy type of relation in their setting. 

Very recently, Merkulov studied 'operad of formal homogeneous space' in 
[31]. His approach is motivated by studies on relative obstruction theory, its 
applications (see j35|, I36j). It seems that a version of mirror symmetry which 
takes the real structures into account, has connection with this approach. 

Part III: Yet again, mirror symmetry! 

In his seminal paper [24], Kontsevich proposed that mirror symmetry is a 
(non-canonical) equivalence between the bounded derived category of coherent 
sheaves C oh{Y) on a complex variety Y and the derived Fukaya category 
DFuk{X) of its mirror, a symplectic manifold (X, w). This first category 
consists of chain complexes of holomorphic bundles, with quasi-isomorphisms 
and their formal inverses. Roughly speaking, the derived Fukaya category 
should be constructed from Lagrangian submanifolds L <Z X (carrying flat 
i7(l)-connection A). Morphisms are given by Floer cohomology of Lagrangian 
submanifolds. One important feature is that, whereas the mirror of a Calabi- 
Yau variety is another Calabi-Yau variety, the mirrors of Fano varieties are 
Landau-Ginzburg models; i.e., afhne varieties equipped with a map to called 
the superpotential. 

Kontsevich also conjectured that the equivalence of derived categories 
should imply numerical predictions: For complex side (B-side), consider the 
diagonal subvariety Ay C F x F, and define the Hochschild cohomology 
of Y to be the endomorphism algebra of Ay regarded as an object of 
D^Coh{X X X) [24]. Kontsevich interpreted the last definition of HH*{Oy) 
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H*{Y,/\*TY)) as computing the space of infinitesimal deformations of 
the bounded derived category of coherent sheaves on Y in the class of A^o- 
categories. On the other hand, for symplectic side (A-side), the diagonal 
Ax C X X X is a Lagrangian submanifold of (X x X, (tj,— oj)). The Floer 
cohomology of the diagonal is canonically isomorphic to H*{X). Roughly, 
above picture suggests that deformation of H*{X) constructed using Gromov- 
Witten invariants should correspond to variations of Hodge structure in B- 
side. 

'Realizing' mirror symmetry 

Let cx : X ^ X be an anti-symplectic involution of (X, w). To recover more 
about real geometry from Kontsevich's conjecture, we consider the structure 
sheaf Oy ■ Calculating its self-Hom's 

Ext\OY,OY)'^H°'\Y) 

shows that if Oy is mirror to the Lagrangian submanifold X(R) — Fix(cx), 
then we must have 

iJi^*(X(M),X(R)) = H"^*{Y) 

as graded vector spaces. 

Kontsevich conjecture above and the description of quantum cohomology 
of real varieties that we have discussed in previous section, suggest us a cor- 
respondence between two 'open-closed homotopy algebras' (in an appropriate 
sense) : 

Symplectic side X (A-side) Complex side Y (B-side) 

[Ti.c'Ho) — ^ (HcTio) — 

(iJ*(X), HF*{X{R),X{R))) {H*'*{Y),H^-*{Y)) 

If we restrict ourselves to three point operations, we apparently obtain Tic 
and Tic-module structure in respective sides (which reminds Horava's version 
of quantum cohomology of real varieties) . 

For A-side of the mirror correspondence, the DG-operad structure that we 
have discussed in previous section provides a promising candidate of extension 
this structure. However, the B-side of the story is more intriguing: Open- 
closed strings in B-model, their boundary conditions etc. are quite unclear to 
us. S. Merkulov pointed out possible connections with Ran's work on relative 
obstructions. Lie atoms and their deformations {351 136] 
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